In this note we discuss some of the recent remarks on the solvability of Ising problems. These remarks tend to a conclusion that it is likely that some Ising problems, for example that of the simple cubic lattice, are essentially unsolvable.
Introduction
We consider the Ising model in the ferromagnetic case, i.e. the interaction energies for pairs of neighboring spins σ of equal value +1 or -1 are positive, J>0.
We consider the nearest-neighbor simple square 2D-lattice, the nearest-neighbor 3D-simple cubic lattice and the 2D-simple square lattice with next-nearestneighbor interactions.
For all these lattices the partition function is , so the 2D lattice has dimensions 1 n by 2 n . V is a 1 2 n by 1 2 n matrix called the transfer matrix. It is the product of two matrices, one describing the interactions within a column of 1 n spins and one describing the interactions between two neighboring columns of 1 n spins.
The "bulk calculation" consists of interpreting the matrices as spinor representations of rotation groups, and using that analytical (algebraic)
technique to calculate the eigenvalues of V. We stress here the word analytical, as essentially different from numerical, for reasons that will become clearer soon.
Having calculated the eigenvalues, the largest one is the important one, one can obtain the closed expression for f.
It is worthwhile to note that Onsager gives the reader confidence in his result by pointing out that series development precisely resulted in earlier obtained series
developments. for condensing the many Pfaffians into a "closed" formula were not available.
About intractability.
Recently Istrail [4] has related the difficulties to carry out the bulk calculation for 3D and 2D + next nearest neighbors to the theory of NP-complete problems, see Consider one of the N ! permutations of the labels as potential solution and check whether the edges are present in G. The truth certificate can be calculated in polynomial time. The real difficulty is the "combinatorial explosion", the number N ! of permutations that has to be checked.
One of the first problems considered, see [5] , was 3-SAT. A certain expression in N logical variables is given. Is there a truth assignment that makes the expression true? Choosing one of the 2 N possible truth assignments, the form of the expression guarantees easy checking whether it is a solution. The number 2 N presents the essential difficulty again. The problems are intractable. We refer to [5] for the description of NP-completeness, in which 3-SAT plays an important role.
Let us now compare the Ising problem with the intractable problems we just described. On one hand we have an analytical bulk calculation, whereas on the other hand we have an exponential number of cases to check, the combinatorial explosion, for which most probably no shortcut can be found.
For the intractable problems the nature of a solution is not irrelevant. Rather, it is given from the beginning that it must be a Hamiltonian cycle or a truth assignment. If one would like to see the Ising problem in the setting of the intractable problems, one should consider the situation that somebody comes up with a potential solution and then the problem will be to calculate the truth certificate.
It is here that we recall our remark that Onsager, in a way, gave a truth certificate for his solution by comparing with existing series developments! The comparison of bulk calculation with combinatorial explosion misses the point completely by giving a conclusion that Ising problems like 3D or 2D + next nearest neighbors are intractable.
The Ising problem is the calculation of a limit, NP-complete problems are decision problems.
On the transition equation
For the 2D lattice the critical temperature is described by the transition equation
conjectured by Kramers and Wannier [6] in 1941. Of course, people have tried to find a transition equation for 3D too, see e.g. Fisher [7] , who investigated polynomials Q in hyperbolic tangents of x H , y H and z H and potential transition equations of the form Q = 0. In the last section of [7] doubt is expressed about the possibility of such an equation with the type of polynomials that he considered. Neither the intractability of some problems that can be formulated for nonplanar lattices, see Istrail [4] , nor indications that the transition equation would have to have a deviating form from that of the 2D problem, see Fisher [7] , are really good reasons to doubt the existence of a closed analytical expression for f in the unsolved cases. However, in the light of what we will present in Section 5, finding the exact transition equation may indeed prove to be a major problem.
Gauging on an equation
From our discussion of intractability we retain two things. (c) Check the result with series developments to obtain a truth certificate.
In this approach the bulk calculation is circumvented at the cost of (i) Not being completely sure about the truth certificate. The known series developments are very extensive, but they might be recovered from
and yet the potential solution might be slightly wrong.
(ii) The necessity to find a correct transition equation for the unsolved cases.
The approach outlined here arose as reaction to a recent result of Zandvliet [8] for Yet not all demands to be posed on the transition equation, in particular the behavior near H=0 , the decoupling situation, were satisfied.
For the 3D model the transition equation has been subject to extensive studies.
We already mentioned Fisher's paper. We recently found the following transition equation for the anisotropic 3D Ising model (
This equation is only valid in a restricted area of the phase diagram. 
correct transition point in the isotropic case, which is extremely well known from Monte Carlo calculations [11] , or the behavior for the 3D to 2D transition.
All such demands pose problems for the transition equation, but in view of the approach proposed in this paper it seems worth while to tackle them. To illustrate the idea we just mention the equation problem. We did not investigate the series development in order to get a truth certificate, mainly because we are in doubt about equation (3) as far as the other demands are concerned.
Discussion
We have given two examples of gauging equations. Another simple example can be given for the antiferromagnetic 2D model with external magnetic field.
Müller-Hartmann and Zittartz [12] If the idea of gauging is valid, we can indeed focus on the transition equation and circumvent a bulk calculation. However, we are in need of some support for the idea of gauging. We will focus on the isotropic case. From Sloane's dictionary of integer sequences [13] we found the high temperature series developments in y = tanh(H * ) and x = tanh(H), for the magnetic susceptibility of the 2D and 3D model respectively, as given in Table I. In case the 3D model can be simulated by the 2D model these series should have the same value. We do not consider the first term! The reversion of the remaining series in y, see e.g. Abramowitz and Stegun 3.6.25 [14] , yields y as a series in f(x), where f(x) is the series in x, without the first term. Substitution then yields a series S(x) for y expressed in x. This is a gauging equation, y=S (x) , that follows from the decades old work on series developments, see Sloane [13] for the references. The result was the series given in Table II , where also successive estimates of the 3D-transition value are given. We see that the approximations indeed tend to the value 0.221654.. mentioned earlier as best known result from Monte Carlo calculations. For our purpose it is this tendency that gives the support for our idea that the 3D model can indeed be simulated by the 2D model. Any transition equation leading to a gauging equation should be consistent with the series found for y in terms of x. This rules out Equation (3), in spite of the fact that it gave a very accurate value for the transition point and had some other desired properties.
The form of the solution function, S(x), makes it unlikely that indeed a "nice" transition equation can be found, in line with the findings of Fisher [7] . 
